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Abstract
A graph is called magic (supermagic) if it admits a labelling of the edges by pairwise different (and consecutive) integers such
that the sum of the labels of the edges incident with a vertex is independent of the particular vertex. In the paper, we characterize
magic circulant graphs and 3-regular supermagic circulant graphs. We establish some conditions for supermagic circulant graphs.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We consider ﬁnite undirected graphs without loops and multiple edges. If G is a graph, then V (G) and E(G) stand
for the vertex set and edge set of G, respectively.
Let a graph G and a mapping f from E(G) into positive integers be given. The index-mapping of f is the mapping
f  from V (G) into positive integers deﬁned by
f (v) =
∑
e∈E(G)
(v, e)f (e) for every v ∈ V (G),
where (v, e) is equal to 1 when e is an edge incident with a vertex v, and 0 otherwise. An injective mapping f from
E(G) into positive integers is called a magic labelling of G for an index  if its index-mapping f  satisﬁes
f (v) =  for all v ∈ V (G).
A magic labelling f of G is called supermagic if the set {f (e) : e ∈ E(G)} consists of consecutive positive integers.
We say that a graph G is supermagic (magic) if and only if there exists a supermagic (magic) labelling of G.
The concept ofmagic graphswas introduced by Sedlácˇek [13]. The regularmagic graphs are characterized in [4]. Two
different characterizations of all magic graphs are given in [12,11]. Supermagic graphs were introduced by Stewart [15].
It is easy to see that the classical concept of a magic square of n2 boxes corresponds to the fact that the complete bipartite
graph Kn,n is supermagic for every positive integer n = 2 (see also [15]). Stewart [16] characterized supermagic
complete graphs. In [9] supermagic regular complete multipartite graphs and supermagic cubes are characterized.
E-mail address: andrea.semanicova@upjs.sk.
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.04.011
2264 A. Semanicˇová / Discrete Mathematics 306 (2006) 2263–2269
In [10] there are given characterizations of magic line graphs of general graphs and supermagic line graphs of regular
bipartite graphs. In [14] and [2] supermagic labellings of the Möbius ladders and two special classes of 4-regular
graphs are constructed. Some constructions of supermagic labellings of various classes of regular graphs are described
in [7,9]. In [5] there are established some bounds for the number of edges in supermagic graphs. More comprehensive
information on magic and supermagic graphs can be found in [6].
Let n,m and a1, . . . , am be positive integers, 1ain/2 and ai = aj for all 1 i, jm. An undirected graph
with the set of vertices V = {v1, . . . , vn} and the set of edges E = {vivi+aj : 1 in, 1jm}, the indices being
taken modulo n, is called a circulant graph and it is denoted by Cn(a1, . . . , am). The numbers a1, . . . , an are called
the generators and we say, that the edge vivi+aj is of type aj .
It is easy to see, that the circulant graph Cn(a1, . . . , am) is a regular graph of degree r, where
r =
{
2m − 1 if n
2
∈ {a1, . . . , am},
2m otherwise.
(1)
The circulant graph Cn(a1, . . . , am) is connected, see [3], if and only if
gcd(a1, . . . , am, n) = 1. (2)
More precisely it has d = gcd(a1, . . . , am, n) connected components which are isomorphic to Cn/d(a1/d, . . . , am/d).
Heuberger [8] characterized the bipartite circulant graphs
Proposition 1 (Heuberger [8]). Let Cn(a1, . . . , am) be a connected circulant graph. Then it is bipartite if and only if
a1, . . . , an are odd and n is even.
In this paper, we will deal with magic and supermagic circulant graphs.
2. Magic circulant graphs
In this section, we characterize the magic circulant graphs. It is obvious, that if a circulant graph with more than
three vertices is 1- or 2-regular, then it is not magic. Next we will consider, that Cn(a1, . . . , am) is r-regular graph,
r3. We will use the Doob’s characterization [4] of the regular magic graphs. First some notation.
We say that a graph G is of typeA if it has two edges e1, e2 such that G−{e1, e2} is a bipartite graph with a partition
V1, V2, such that |V1| = |V2| (i.e., it is balanced), and the edge ei joins two vertices of Vi (i = 1, 2). A graph G is of
type B if it has two edges e1, e2 such that G − {e1, e2} has a component H which is a balanced bipartite graph with
partition V1, V2, and ei joins a vertex of Vi with a vertex of V (G) − V (H) (i = 1, 2).
Proposition 2 (Doob [4]). Let G be a regular graph of degree r, r3. Then G is a magic graph unless it has a
connected component of typeA or of type B.
For the disconnected regular magic graphs it holds
Proposition 3 (Doob [4]). Let G be a regular graph of degree r3 and G1, . . . ,Gn be the connected components of
G. Then G is magic if and only if Gi is magic, i = 1, . . . , n.
As the connected components of the circulant graph are isomorphic regular circulant graphs, we only need to show,
that they are neither of typeA nor of type B.
All circulant graphs are vertex-transitive and the edge connectivity of every connected vertex-transitive graph is
equal to its minimum degree. A graph of type B is 2-edge connected. So no circulant graph of degree r3 is of type
B. Thus, if a connected circulant graph is not magic, it must be of typeA. Note that if for every edge e of the graph
G there exist two edge-disjoint odd cycles not containing the edge e, the graph G is not of typeA. Also if the graph G
contains three edge-disjoint odd cycles, it is not of typeA.
Doob also characterized the magic bipartite regular graphs
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Proposition 4 (Doob [4]). Let G be a connected regular bipartite graph. Then G is magic if and only if its edge
connectivity is not 2.
From the previous propositions we immediately obtain the following assertion for the bipartite circulant graphs
Corollary 1. Let Cn(a1, . . . , am), m2 be a bipartite circulant graph. Then it is a magic graph.
In the paper, we will also use the following propositions:
Proposition 5 (Trenkler [17]). The cartesian product of a magic graph of order at least 5 and K2 is a magic graph.
Proposition 6 (Trenkler [18]). Let G be a connected nonbipartite magic graph. Then by inserting a new edge into G
we obtain a magic graph.
The main result of this paper is the following theorem:
Theorem 1. Let G = Cn(a1, . . . , am) be a circulant graph of degree r3. Then G is a magic graph if and only if
r = 3 and n
d
≡ 2 (mod 4), a1
d
≡ 1 (mod 2) where d = gcd
(
a1,
n
2
)
,
or
r4.
The proof of Theorem 1 immediately follows from the next lemmas.
First some notation. The Möbius ladder Mn, where 6n ≡ 0 (mod 2), is the 3-regular graph consisting of the circuit
Cn of length n, in which all pairs of the opposite vertices are connected.
Lemma 1. Let G=Cn(a1, n/2) be a 3-regular circulant graph and let d = gcd(a1, n/2). Then G is magic if and only
if n/d ≡ 2 (mod 4) and a1/d ≡ 1 (mod 2).
Proof. According to Proposition 3, G is magic if and only if its components are magic graphs. As d = gcd(a1, n/2) =
gcd(a1, n/2, n), G consists of d connected components isomorphic to Cn/d(a1/d, n/2d). As gcd(a1/d, n/2d) =
gcd(a1/d, n/2d, n/d) = 1, then it is easy to see that k = gcd(a1/d, n/d) is equal to either 2 or 1.
Suppose k=2. Then Cn/d(a1/d, n/2d) is isomorphic to the cartesian product Cn/2d ×K2, where n/2d ≡ 1 (mod 2).
In [17]Trenkler proved thatC2l+1×K2 is notmagic for all positive integers l. So in this case, the graphCn/d(a1/d, n/2d)
is not magic.
Suppose k = 1. Then n/d ≡ 0 (mod 2) and a1/d ≡ 1 (mod 2). It is easy to see that Cn/d(a1/d, n/2d) is isomorphic
to Cn/d(1, n/2d), and this graph is isomorphic to Möbius ladder Mn/d . Sedlácˇek proved, see [14], that Mn/d is magic
for n/d ≡ 2 (mod 4) and for n/d ≡ 0 (mod 4) Mn/d is not magic. 
Lemma 2. Every 4-regular circulant graph is magic.
Proof. Let G = Cn(a1, a2) be a 4-regular circulant graph with the minimal number of the vertices that is not magic.
According to Proposition 3 G is connected, i.e. gcd(a1, a2, n) = 1.
As G is not magic, it is of type A. Thus, n ≡ 0 (mod 2) and G is a connected nonbipartite graph. So, one of the
generators is odd and the other one is even. Without loss of generality, let
a1 ≡ 1 (mod 2), a2 ≡ 0 (mod 2).
Put d1 = gcd(a1, n) and d2 = gcd(a2, n). Then it holds
1d1 ≡ 1 (mod 2),
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Fig. 1.
and
2d2 ≡ 0 (mod 2).
The edges of type a1 form d1 disjoint cycles of length n/d1, which we denote by C1a1 , . . . , Cd1a1 . Because n/d1 ≡
0 (mod 2) they are of even length. The edges of type a2 form d2 disjoint cycles of length n/d2. They are denoted by
C1a2 , . . . , C
d2
a2 .
We will consider the following cases.
Let d1=1. In [8] it is shown, that if gcd(a1, n)=1, there exists a positive integer 2k <n/2 such that G is isomorphic
to the graph Cn(1, k). As a2 ≡ 0 (mod 2), k ≡ 0 (mod 2). For every edge e of G it is easy to ﬁnd two edge-disjoint
odd cycles, see Fig. 1, such that e does not lay on this cycle. (On the ﬁgure the edge e is denoted by e1 if it is of type
a1 and e2 if it is of type a2.) This contradicts the fact that G is of typeA.
Let d13. First we show that there exists an odd cycle in G consisting of the edges of both types. Note that there
exists an odd cycle in G if there exist x, y ∈ Z such that
a1x + a2y ≡ 0 (mod n), (3)
x + y ≡ 1 (mod 2), (4)
x + yn. (5)
As n/d1 and a1/d1 are coprime, there exist integers r, s such that 1 = r(n/d1)+ s(a1/d1), i.e. s is a modular inverse
of the element a1/d1(mod n/d1).
Set y = d1 and x to the smallest positive integer such that x ≡ −sa2 (mod n/d1). (Evidently x <n/d1.) It is not
difﬁcult to show that the couple (x, y) is the solution of (3), (4) and (5).
Let vi be an arbitrary vertex of the graph G. Let Cvi denote the cycle Cvi = vivi+a1 . . . vi+xa1vi+xa1+a2 . . .
vi+xa1+(y−1)a2vi . According to (3) and (5) Cvi is a cycle in G. According to (4) it is of odd length.
Note, that the edges vivi+a1 , . . . , vi+(x−1)a1vi+xa1 are of type a1 and there exists C
j
a1 , j ∈ {1, . . . , d1} such that
all of them lay on this cycle. The edges vi+xa1vi+xa1+a2 , . . . , vi+xa1+(y−1)a2vi are of type a2 and there exists Cka2 ,
k ∈ {1, . . . , d2} such that all of them lay on this cycle.
As G is of typeA, there exists a set of edges {e1, e2} such that G − {e1, e2} is a bipartite graph.
Consider the following cases:
Case 1: Let the edges e1, e2 be of type a2.
If e1, e2 lay on the same cycle, say C1a2 , then consider the vertex vi /∈V (C1a2). Then Cvi is an odd cycle and it is
containing neither e1 nor e2, a contradiction.
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Let e1, e2 lay on different cycles, say e1 ∈ C1a2 , e2 ∈ C2a2 . Moreover suppose that e1 = vjvj+a2 , the indices
being taken modulo n. Then consider the cycle Cvj . Evidently e1 /∈Cvj . If e2 ∈ C2a2 is some edge of Cvj then also
vj+xa1+(y−1)a2vj ∈ C2a2 . So vj is incident with the edge e1 ∈ C1a2 and also with the edge vj+xa1+(y−1)a2vj ∈ C2a2 . This
contradicts the fact that C1a2 and C
2
a2 are disjoint.
Case 2: Let the edges e1, e2 be of type a1. Analogously as in the Case 1 we get a contradiction.
Case 3: Let e1 be of type a1 and e2 be of type a2. Without loss of generality, let e1 ∈ C1a1 and e2 ∈ C1a2 . Then
consider the vertex vi , such that vi ∈ V (C2a2) and vi /∈V (C1a1). The cycle Cvi is an odd cycle in G − {e1, e2}, a
contradiction. 
Lemma 3. Every 5-regular circulant graph is magic.
Proof. Let G = Cn(a1, a2, n/2) be a 5-regular circulant graph with the minimal number of the vertices that is not a
magic graph. Thus, G is connected, i.e.
1 = gcd
(
a1, a2,
n
2
, n
)
= gcd
(
a1, a2,
n
2
)
.
As G is not a magic graph, it is of typeA. So it is a nonbipartite graph. Thus, at least one of the generators a1, a2, n/2
is odd, and at least one of them is even. Consider the 4-regular graph H = Cn(a1, a2). According to Lemma 2, H is a
magic graph.
Suppose, that H is connected, i.e. gcd(a1, a2, n) = 1. As G is not magic, by repeated application of Proposition 6, H
is bipartite. Then a1, a2 are odd and n/2 ≡ 0 (mod 2). It is not difﬁcult to check that the edges of type n/2 are joining
vertices in the same partition classes of the 4-edge connected graph H. As their number is n/24, the graph G is not
of typeA, a contradiction.
SupposeH is disconnected.Asp=gcd(a1, a2, n) = 1andgcd(a1, a2, n/2)=1wegetp=2.Thismeans thatH consists
of two magic components isomorphic to Cn/2(a1/2, a2/2). Thus Cn(a1, a2, n/2) is isomorphic to Cn/2(a1/2, a2/2)×
K2. According to Proposition 5, G is a magic graph, a contradiction. 
Lemma 4. Let Cn(a1, . . . , am) be an r-regular circulant graph, where r6. Then it is a magic graph.
Proof. Let G = Cn(a1, . . . , am) be an r-regular circulant graph, r6, with the minimal number of the vertices and
the minimal number of edges, that is not a magic graph. According to Propositions 3 and 2 it is connected and it is of
typeA. So n ≡ 0 (mod 2) and G is a nonbipartite graph. Hence at least one of the generators, say a1, is even (as G
is nonbipartite) and at least one of the generators, say a2, is odd (as G is connected). As r6, there exists a generator
a3 /∈ {a1, a2}. Consider the graph
H = Cn(a1, a2, a4, . . . , am).
Then H is a nonbipartite circulant graph of degree rH 4 and with less edges than the graph G. According to Lemma
2 for rH = 4 or to Lemma 3 for rH = 5 or according to the choice of G for rH 6 we have that H is a magic
graph.
As G is not magic, then by multiple applications of Proposition 6, H is disconnected. As a2 is odd, we have
gcd(a1, a2, a4, . . . , am, n) = 2, thus H consists of at least three isomorphic, nonbipartite components. So there exist
three edge-disjoint odd cycles in H, and so in G. Hence, G is not of typeA, a contradiction. 
3. Supermagic circulant graphs
The problemof characterizing supermagic circulant graphs seems to be difﬁcult. In this section,wewill give necessary
conditions for a circulant graph to be supermagic. We characterize 3-regular circulant graphs and we will also present
some sufﬁcient conditions for circulant graphs to be supermagic.
In [9] Ivancˇo proved necessary conditions for regular graphs to be supermagic.
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Proposition 7 (Ivancˇo [9]). Let G be an r-regular supermagic graph. Then the following statements hold
(i) if r ≡ 1 (mod 2), then |V (G)| ≡ 2 (mod 4),
(ii) if r ≡ 2 (mod 4) and |V (G)| ≡ 0 (mod 2), then G contains no component of an odd order,
(iii) if |V (G)|> 2, then r > 2.
From the Proposition 7, we immediately obtain the following assertion for the circulant graphs
Corollary 2. Let G = Cn(a1, . . . , am) be an r-regular circulant graph and let d = gcd(a1, . . . , am, n). If
r ≡ 1 (mod 2) and n ≡ 0 (mod 4),
or
r ≡ 2 (mod 4), n ≡ 0 (mod 2) and n
d
≡ 1 (mod 2),
then G is not a supermagic graph.
The following theorem characterizes 3-regular circulant supermagic graphs
Theorem 2. Let G = Cn(a1, n/2) be a 3-regular circulant graph and let d = gcd(a1, n/2). Then G is supermagic if
and only if n/d ≡ 2 (mod 4), a1/d ≡ 1 (mod 2) and d ≡ 1 (mod 2).
Proof. Let G = Cn(a1, n/2) be a 3-regular circulant graph and d = gcd(a1, n/2).
Suppose that G is supermagic. Thus, G is magic and according to Lemma 1, n/d ≡ 2 (mod 4) and a1/d ≡ 1 (mod 2).
If d ≡ 0 (mod 2), then n ≡ 0 (mod 4) and so by Corollary 2 d ≡ 1 (mod 2).
On the other hand suppose n/d ≡ 2 (mod 4), a1/d ≡ 1 (mod 2) and d ≡ 1 (mod 2). Then the graph G consists of d
connected components isomorphic to Cn/d(a1/d, n/2d). As a1/d ≡ 1 (mod 2) then Cn/d(a1/d, n/2d) is isomorphic
to Möbius ladder Mn/d . As n/d ≡ 2 (mod 4) then by Sedlácˇek [14], Mn/d is supermagic. Ivancˇo [9] proved that if H
is supermagic graph decomposable into odd number of edge-disjoint -regular factors, then kH (k disjoint copies of H)
is supermagic for every odd positive integer k. The graph Cn/d(a1/d, n/2d) is decomposable into three edge-disjoint
1-factors. As d ≡ 1 (mod 2), then the graph Cn(a1, n/2) is also supermagic. 
Some the supermagic 4-regular circulant graphs are related to so-called magic stars—see [20]. Magic stars are very
popular in recreation mathematic. Using [20], it is possible to ﬁnd the magic stars related to the supermagic graphs
Cn(1, 2) up to the order 50, as well as other magic stars of order up to 20. In [19] Trenkler proved that for every
8n ≡ 0 (mod 2) there exists the magic star equivalent to the graph Cn(1, 3).
For bipartite circulant graphs we can use the following proposition
Proposition 8 (Hartsﬁeld and Ringel [7]). If a bipartite graph G is decomposable into two Hamilton cycles, then G
is supermagic.
It is easy to generalize this proposition. If a bipartite graph is decomposable into even number of Hamilton cycles,
then it is supermagic. In [1] it is proved that if the generators of the circulant graph Cn(a1, . . . , a2k) satisfy the condition
gcd(a2j−1, a2j , n) = 1 for every j ∈ {1, . . . , k} then Cn(a1, . . . , a2k) has a Hamiltonian decomposition.
According to these assertions we have
Corollary 3. Let G = Cn(a1, . . . , a2k) be circulant. Let n ≡ 0 (mod 2), ai ≡ 1 (mod 2) and gcd(a2j−1, a2j , n) = 1
for every i ∈ {1, . . . , 2k}, j ∈ {1, . . . , k}. Then G is supermagic.
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